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By studying tlie Hawking radiation of the most general static spherically symmetric black hole 
arising from scalar and Dirac particles tunnelling, we find the Hawking temperature is invariant in 
the general coordinate representation (|lip . which satisfies two conditions: a) its radial coordinate 
transformation is regular at the event horizon; and b) there is a time-like Killing vector. 
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I. INTRODUCTION 



In recent years, a semi-classical method of modeling Hawking radiation as a tunnelling effect has been 
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developed and has excited a lot of interest [l|, m, U, U, bl, bl, H Id, li, lid, lU 

TunneUing provides not only a useful verification of thermodynamic properties of black holes but also an 
alternate conceptual means for understanding the underlying physical process of black hole radiation. In 
the tunnelling approach, the particles are allowed to follow classically forbidden trajectories, by starting just 
behind the horizon onward to infinity. The particles must then travel necessarily back in time, since the horizon 
is locally to the future of the static or stationary external region. The classical, one-particle action becomes 
complex, signaling the classical impossibility of the motion, and gives the amplitude an imaginary part, provides 
a semi-classical approximation to free field propagators. In general the tunnelling methods involve calculating 
the imaginary part of the action / for the (classically forbidden) process of s-wave emission across the horizon, 
which in turn is related to the Boltzmann factor for emission at the Hawking temperature, i.e. 



r oc e-2im/ 



-E/Th 



(1) 



where Th is the Hawking temperature of the black hole, E is the energy of the tunnelling particles. 
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There are two different approaches that are used to calculate the imaginary part of the action for the emitted 
particle. The first method developed was the Null Geodesic Method used by Parikh and Wilczek [3|; The other 

n . . 

approach is the Hamilton- Jacobi Ansatz used by Agheben et al [4] which is an extension of the complex path 
analysis of Padmanabhan et al [5|, la |7| . For the Hamilton- Jacobi ansatz it is assumed that the action of the 
emitted scalar particle satisfies the rclativistic Hamilton- Jacobi equation. From the symmetries of the metric 
one picks an appropriate ansatz for the form of the action and plugs it into the rclativistic Hamilton-Jacobi 
equation to solve. 

Since a black hole has a well defined temperature it should radiate all types of particles like a black body at 
that temperature. The emission spectrum therefore contains particles of all spins such as Dirac particles. In 
this paper, we will use the Hamilton-Jacobi ansatz method to calculate the Hawking temperature. 

Can the Hawking temperature keep invariant under any coordinate transformation? At the first glance, the 
Hawking temperature is invariant. However, this invariance has been lost in the following isotropic coordinate 
for the Schwarzschild black hole 
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And so the line element of the Schwarzschild black hole becomes 



ds' = - 



2p~ M 



dt^ 



2p + M 



dp^ 



(2/7 + MY 



dn^ 



2p + Mj -- • y 2p J -'' • i6p2 
and the horizon pu = M/2. Substituting it and = fA[-Et+w(p)+j{e,ip)]/h j^^^ Klein-Gordon equation 

1 



-g h^ 



(2) 



(3) 



(4) 



we can obtain 



lYaW±{p) = ±Im 



(2p + Mfdp 
V(2p- M)^ 



/S2_( 



2p-M^2 



2p + M 



Y{m? +g'3.J,J^) 



±AttME. 



The probability 
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since W- 
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exp 
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-W+. Then the black hole's temperature is [8| 

1 



Th^ 



(5) 



(6) 



(7) 



IGttM' 

which is one-half of the standard Hawking temperature Th = l/87rAf . The example tell us that the invariance is 
missing in the isotropic coordinate! The reason for the phenomenon comes from the coordinate transformation 
([2|) itself. In the radial coordinate transformation 

dr 
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F{r)dr, 



(8) 
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the function F(r) = — , ^ has singularity at the horizon r — 2M. So it needs to discuss that in which 

coordinates can Hawking temperature be invariant. 

The purpose of this manuscript is to investigate the invariance of the Hawking temperature of the most 
general static spherically symmetric black hole from scalar and Dirac particles tunnelling in a general coordinate 
representations. In order to do that, we introduce the metrics of the static spherically symmetric black in the 
two coordinates: Schwarzschild-like and a general coordinates. This general coordinate should satisfy two 
conditions: a) its radial coordinate transformation is regular at the event horizon; b) there exists a time-like 
Killing vector. 

The paper is organized as follows. In Sec. 2 the different coordinate representations for the general static 
spherically symmetric black hole are presented. In Sec. 3 the Hawking temperature of the general static spher- 
ically symmetric black hole for scalar particles tunnelling is investigated. In Sec. 4 the Hawking temperature of 
the general static spherically symmetric black hole from Dirac particles tunnelling is studied. The last section 
is devoted to a summary. 

II. COORDINATE REPRESENTATIONS FOR GENERAL STATIC SPHERICALLY SYMMETRIC 

BLACK HOLE 

In this section we introduce two kinds of the coordinate representations for the general static spherically 
symmetric black hole, i. e. the Schwarzschild-like and a general coordinates. 

A. Schwarzschild-like coordinate representation 

In Schwarzschild-like coordinate the line element for the most general static spherically symmetric black hole 
in four dimensional spacetime is described by 

ds^ = -f{r)dtl + -^dr^ + R{r){d0^ + sin^ 9d>f^), (9) 

where /(r), g{r) and R{r) are functions of r, and ts is the Schwarzschild-like time coordinate. 

Because the spacetime © is a static and spherically symmetric one, a time-like Killing vector field f'^ = 
(1, 0, 0, 0) exists. An interesting feature of the black hole worthy of note is that the norm of the Killing field ^'^ 
is zero on the event horizon rn since the horizon is a null surface and the vector ^'' is normal to the horizon. 
Then, for the non-extreme case we have f{r) — fi{r)(r — rn) and g(r) = gi{'r){'r — fn), where fi(r) and gi{r) 
are regular functions in the region ?'// < r < oo and their values are nonzero on the outermost event horizon. 

B. General coordinate representation 

In order to insure that there is a time-like Killing vector in the spacetime, the most general coordinate 
(w, u, 9, if) that transform from the Schwarzschild-like coordinate ([9]) is 

v^Xts+ f drG{r), u=fdrF{r), (10) 



where v is the time coordinate, u is the radial one, and the angular coordinates remain unchanged; A is an 
arbitrary nonzero constant which re-scales the time; G is arbitrary functions of r and i^ is a regular function 
of r. The line element (|9]) in the new coordinate becomes 

+ x2 / ( \\T72( I \\ ^-^ +R{r{u)){de +sm 6ld^ . 11 

X'^g{r(u))t ■^(ryu)) 

We now show that two well-known coordinates, the Painleve and Lemaitre coordinates, are the spacial cases of 
the metric (fTTj) . 

1. Painleve coordinate representation 



In the transformation pO|) . one sets A = 1, G{r) — \/ jr-rj^ and F{r) — 1, the line element (fTTj) becomes 



the Painleve coordinate representation 



a I — I ' ^ ' V fir)gir) 



ds'^ = -f(r)dt^ + 2. U^^-^^^^^-—^^dtdr + rfr^ + R(r)(de^ + sin^ 6ld(p2N (^2) 

V 9[r) 

where t is the Panlcve time. The metric (|T2)) has no singularity at g(r) — 0, so the metric is regular at the 

horizon of the black hole. That is to say, the coordinate complies with perspective of a free-falling observer, 

who is expected to experience nothing out of the ordinary upon passing through the event horizon. 

2. Lemaitre coordinate representation 



In the transformation ITUl) . one sets A = 1, G(r) — i \ / Trrrr-^-T"^ + \/ ti \ / \ and F(r) — h\ in-^TTi-^, 

1 •" ' ^ ' 2\l S(r)(l-g(r)) y f{r)gM .j . ^ ' 2\l /(r)(l-g(r)) ' 

the line element (fTTj) at present becomes the Lemaitre coordinate representation[23[ [2^ 

ds2 = -/(r) \dV'^ + dU^] + 2^^^^^— ^^dFdC/ + R{r){d9^ + sin^ 0d^^), (13) 

g{r) 

where U is Lemaitre radial coordinate and V is the Lemaitre time one. We can see that the Lemaitre coordinate 
is time-dependant system, suggests that there could be a genuine particle production. 



III. TEMPERATURE OF GENERAL STATIC SPHERICALLY SYMMETRIC BLACK HOLE 

FROM SCALAR PARTICLES TUNNELLING 

We now investigate scalar particles tunnelling of general static spherically symmetric black hole. 

A. Scalar particles tunnelling in Schwarzschild-like coordinate 

Applying the WKB approximation 

0(t, r, e, ^) = exp [-^/(i, r, 0, ^) + h {t, r, 6, if) + 0{h)\ , (14) 



to the Klein-Gordon equation ([4]), then, to leading order in h we get the following relativistic Hamilton- Jacobi 
equation 

5^'^(Va,/) + m2 = 0. (15) 

As usual, due to the symmetries of the metric ([9]) and neglecting the effects of the self-gravitation of the 
particles, there exists a solution in the form 



I ^^Ets + W{r) + J{9,(p). 

Inserting Eq. (|16p and the metric ([9]) into the Hamilton- Jacobi equation (flS)) . we find 

dr 



W±(r) 



± 



-.^E^-f{r){m^+g^^J,J,), 



(16) 



(17) 



where Ji = dil, i — 9,ip. One solution of the Eq. ()17p corresponds to the scalar particles moving away from 
the black hole (i.e. "-f " outgoing) and the other solution corresponds to particles moving toward the black hole 
(i.e. "-" incoming). Imaginary parts of the action can only come due the pole at the horizon. The probability 
of a particle tunnelling from inside to outside the horizon is [5|, [O, |7| 

r E 



T-i ^ out 
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since W^ 



-W+. Integrating around the pole at the horizon leads to 

ttE 



ImW^ 



Vf'irH)g'irH) 
Substituting ([T9|) into (fT8|) . we obtain the Hawking temperature 



T, 



H 



V.f'{rH)g'{rH) 
in 



(18) 



(19) 



(20) 



which shows that the temperature of general static spherically symmetric black hole is the same as previous 
works [l|,y. 

B. Scalar particles tunnelling in general coordinate 



Here we study the scalar tunnelling in a general coordinate (jlip . Employing the ansatz 

I ^~Ev + W{u) + J{0,ip) 

and substituting the metric (jlip into the Hamilton- Jacobi equation (jlSp . we obtain 

A2 



gir{u))G'{r{u)) 



fir{u)) 
+g{r{u))F^(r{u))[W'{u)]^ + g'^ J,Jj + m^ = Q 



E^ - 2g{r{u))G{r{u))F{r{u))EW' [u) 



Then W'{u) is 



W'±{u) 



F{r{u)) 



E± 



(21) 



(22) 



F{riu))^fir{u))g{riu)) 
We will study the temperature for two cases: G{r{u)) is regular function and G{r{u)) has a pole at horizon 



(23) 



1. G{r{u)) is regular function at horizon 



When G{r{u)) is regular at horizon, guti of metric (fTTj) shows that there is stiU a coordinate singularity at 
the horizon ru. From equation (j23p we get 



W.(.) = Im / dui^m.E± V^^'^'^fmWjJIT^] 



±- 



J{r{u)) 
XEn 



F{r{u))^f{r{u))g{r{u)) 



We can see the lmW±{u) are like those in Schwarzschild-like coordinate. Using 



r c>c exp[— 4ImTy+] = exp 
we can recover Hawking temperature (j20l) . 



XE 



(24) 



(25) 



2. G{r{u)) has a pole at horizon 



When G{r{u)) has a pole at horizon, without loss of generality, it can be expressed as G{r{u)) 



g('-(")) 



V/('-(«))ff('-(«)) 

obtain 



+ D(r(u)), where C{r{u)) and D{r(u)) are the regular functions at horizon. From Eq. (j23p . we 



l^W^iu) ^ Im / duim^E-^ Ciriu))E±^X^W^fWWTjj;T^^ 



j{T{u)y 

(C(ifd ± i)A£;^ 



F{r{u))^f{r{u))g{r{u)) 



Vf'irH)g'{rH) ■ 
In the following, we will consider two cases, i. e., C{rH) ^ X and C{rH) = X 
i) If C[rH) ^ X, after substituting G{r{u)) 



(26) 



C{r{u)) 



^/fir{u))g{r(u)) 

see that there is still a coordinate singularity at horizon rn, and the probabilities are 



Tout oc exp 



-2 



Vf'irH)9'{rH) 



XE 



D{r{u)) into 5i,„ of metric (fTTj) . it is easy to 
babil: 

C(rH) 



, Tin cx exp 



-2. 



(- 



1 TT 



v/^I^^^FR) 



=AS 



(27) 



It is interesting to note that Tout , Tm are different from that in the Schwarzschild-like coordinate, but the total 
probability is 



-rn -L out 

i = — — CX exp 



47r 



^/f'{rH)9'{rH) 



XE 



(28) 



and the Hawking temperature (|20p is also recovered. 



ii) If G{rH) ~ A, we can write G{r{u)) = A + H{r{u))y/ f(r{u))g{r{u)), where H{r{u)) is a regular function 



at horizon. Then we have G{r{u)) 



+ H{r{u)) + D{r{u)). Substituting it into guu of metric 



V/(K"))9(K")) 

pip , we find that there is no coordinate singularity at horizon r^ now. From Eq. (j26p . we obtain 



ImTy+(u) = 



27r 



VH^^M^ 



A^;, ImT4^_(u) = 0, 



(29) 



this implies that r^ = 1. So the overall tunnelling probability is 



r = Tout oc exp[— 2ImW+] = exp 



4nE 



v^WhWW) 



(30) 



It is obviously that the Hawking temperature ([^0]) is recovered. 

From above discussions we know that the Hawking temperature of general static spherically symmetric black 
hole arising from the scalar particles tunnelling is invariant in the general coordinate (|lip . 

IV. TEMPERATURE OF GENERAL STATIC SPHERICALLY SYMMETRIC BLACK HOLE 

FROM DIRAC PARTICLES TUNNELLING 

In this section, we study the Dirac particles tunnelling of the black hole in the coordinates ^ and ITTI) . 

A. Dirac particles tunnelling in Schwarzschild-like coordinate 



For a general background spacetime, the Dirac equation is 25 



7"e^(9^+r^) + 



^ = 0, 



with 



(31) 



where 7*^ are the Dirac matrices and e^ is the inverse tetrad defined by {e'^'y"' , ^hl^} = 2g^'' x 1. For the 
general static spherically symmetric black hole in the Schwarzschild-like metric ([9]) the tetrad can be taken as 

1 r-r^ 1 1 \ 



e^ = diag 



vm 



VgF), 



We employ the following ansatz for the Dirac field 



VW) WW)'' 



A{ts,r,d,ip) 



(32) 



^T-(BStr;?;?)|)^^P(^'^(*-'^'''^)^= I B(t.'^^^^ |exp(l/,(i.,r,e,^)), 



, r, e, if) 









(33) 



where "f and "J," represent the spin up and spin down cases, and ^| and ^| are the eigenvectors of cr"^. Inserting 
Eqs. p2|) . p3|l into the Dirac equation ((3T|l and employing 



I^ = -Et, + W{r) + J{e,^), 



(34) 



to the lowest order in h we obtain 



A 



r 



-.E+y/g(r)BW'ir)+mA = 0, (35) 



vn 

B 



vm 



y/g(r)AW'{r) + mB = 0, (37) 



T^iJe + ^J^) ^ 0, (38) 

where we consider only the positive frequency contributions without loss of generality. Eqs. (|36p and (|38p both 
yield {Jg + -^^Jip) — regardless of A or B, implying that J{0, Lp) must be a complex function. We therefore 
can ignore J from this point (or else pick the trivial J = solution). 
Consider first the massless case m — 0, Eqs. ([35|) and ((37|) give 

W±{r) = ± f ^£^=. (39) 

We therefore recover the expected Hawking temperature ([20|) in the massless case. 
In the massive case m ^ 0, Eqs. ([55)1 and ([57]) show 



( .. ^ ^LJ^ (40) 

and 



i^ 2(4) 



W±(r)= ^^^^^^^dr. (41) 



Noting lim,.^rff (4)^ = I7 we find that the result of integrating around the pole for W in the massive case is 
the same as the massless case and we recover the Hawking temperature (|20p . 

For the spin-down case the calculation is very similar to the spin-up case discussed above. Other than some 
changes of sign, the equations are of the same form as the spin up case. For both the massive and massless spin 
down cases the Hawking temperature ()20p is obtained, implying that both spin up and spin down particles are 
emitted at the same temperature. 

B. Dirac particles tunnelling in general coordinate 

We take 

/ A{v,u,9,ip)\ 

^^ - ( ltCr:l:t)t ) ^M\hi^^u,eM) - { ^^^-/'"^ ] exp(l/,(^,",^,.)) 

(42) 



where /| = —Ev + W{u) + J {6, tp). For the hne element ((TT|l . we chose the tetrad 

/ 







V 














1 



(43) 



-^fl(r(ti))sine / 



Then the Dirac equation pTjl can be expressed as 
A 



A 



A - ^Jg{r(u))G{r{u))B E + v/5(r(u))F(r(M))BTy (u) + mA = 0, 



For the case in = Q, we find 



B + yj g{r{u))G{r{u))A E - V5(r(u))F(r(u))ylBVF'(M) + wB = 0. 



W'{u) = 



G{r{u)) 



E± 



XE 



(44) 
(45) 

(46) 



Fir{u)) ^f{r{u))g{r{u))F{r{u))_ 

which is similar to Eq. ((23| . Taking the same method used in the section UlIBl it is easy to get the Hawking 
temperature (|20)) . 

For the case m 7^ 0, we find 






(47) 



and lim^^tj^ ^ = ±1. We have 



W'{u) = 



G{r{u)) 



E± 



2\\^\E 



(48) 



F{r{u)) ^f(r{u))g{r{u))F(r{u)){§, + 1)_ 

which is similar to Eq. (P5|) . Taking the same method used in the section UlIBl we also find the same Hawking 
temperature ([20)) . 

From above discussions we know that the Hawking temperature of general static spherically symmetric black 
hole arising from the Dirac particles tunnelling is also invariant in the general coordinate (jlip . 



V. SUMMARY 



The Hawking temperature of the Schwarzschild black hole in the isotropic coordinate shows us that the 
temperature is not invariant. What kinds of coordinate can keep the Hawking temperature invariant for the 
general static spherically symmetric black hole? By studying the Hawking radiation of the most general static 
spherically symmetric black hole arising from scalar and Dirac particles tunnelling, we find that it is invariant in 
the general coordinate representation (|lip . which satisfies two conditions: a) its radial coordinate transformation 
is regular at the event horizon; and b) there is a time-like Killing vector. 

We also find some other interesting results: 1) For the coordinate representations which do not exist coordinate 
singularity, such as the general coordinate pT|) with C{rH) = A (include the Painlevc p^ and Lemaitre 113])), 



10 

W+ has a pole at the event horizon but W- has a well defined limit at the horizon. Then the imaginary part 
of W- is zero due to the imaginary parts of the action can only come from the pole and the probability of a 
particle tunnelling from inside to outside the horizon is described by F = Tout- 2) The mass of the particles 
and the angular quantum number do not affect the Hawking temperature for both scalar and Dirac particles. 
3) When time coordinate transforms from ts to Xtg, i. e., we re-scale the time, the corresponding energy E 
of the total tunnelling particles is increased by A times, so re-scale of the time does not affect the Hawking 
temperature. 
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